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The scattering-parameter formulation of an active 
two-port device is developed from the compensation theorem. 
The use of scattering parameters in graphical developments 
of forward operating power gain and tunability is considered 
in detail. Finally, two design examples show the application 
of the graphical procedures. 
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I. INTRODUCTION 
The difficulty of measuring the commonly accepted 
amplifier design parameters, such as the admittance or y 
parameters, increases rapidly as the frequency of interest 
is extended above about 100 MHz. When the desired para-
meters must be referred either to a short or an open cir-
cuit above 100 MHz, a wide-band measurement system becomes 
essentially impossible. A convenient way to overcome this 
problem is to refer the measurements to the characteristic 
impedance of a transmission line. A set of informative 
parameters which can readily be measured in terms of 
travelling waves on a transmission line are the scattering 
or "s" parameters. 
The ease with which scattering parameters can be 
measured makes them especially well suited for describing 
transistors and other active devices. Measuring most other 
parameters calls for the input and output of the device to 
be successively open and short circuited. This is difficult 
to do even at RF frequencies where inductance and capacitance 
make short and open circuits difficult to obtain. At 
higher frequencies these measurements typically require 
tuning stubs, separately adjusted at each measurement fre-
quency, to reflect short-or open-circuit conditions to the 
device terminals. Not only is this inconvenient and tedious, 
but a tuning stub shunting the input or output may cause a 
2 
transistor to oscillate, making the measurement difficult 
and invalid. s parameters, on the other hand, are usually 
measured with the device imbedded between a 50-ohm load 
and source, and there is very little chance for oscillations 
to occur. More importantly, scattering-parameter measure-
ments are extremely simple. There are no adjustments to be 
made after the initial calibration. Because of the 50-ohm 
wide band terminations, it is extremely stable. 
A. Scattering-Parameter Definitions 
To apply the concept of scattering parameters to a dis-
cussion of a two-port, consider the terminated two-port 
network N of Fig. 1. For the two-port, there are two sets 
of scattering variables to be considered, namely, v 1 i and 
v 1 r at port 1 and v 2 i and v 2 r at port 2. If the incident 
voltages are chosen as independent variables and the reflec-
ted voltages as dependent variables, then the scattering 
parameters s .. (i,j = 1,2) for the two-port network of Fig. 1 J..] 











s21 = s22 v2i vli 
v2i=() v .=0 lJ.. 
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In matrix notation, (1) becomes 
vlr [s] vli = (3) 
v2r v2i 
where 
[ s J sll sl2 = (4) 
s21 s22 
is named the scattering matrix of the two-port N. 
There are special names for the scattering parameters 
described by (2). These are: 
sll = input reflection parameter 
s21 = forward transmission parameter 
sl2 = reverse transmission parameter 
s22 = output reflection parameter 
It is to be noted that there is a dual to (3) which 
describes the relationship between incident and reflected 
components of current, i.e., 
= (5) 
where the superscript I is used to denote that the scattering 
parameters are referred to currents. To distinguish between 
4 
the scattering parameters referred to currents and those 
referred to voltages, the s matrix for voltage relation-
ships is sometimes written with a V superscript, as 
= (6) 
However, since the scattering parameters are applied in 
high-frequency situations where 50-ohm transmission-line 
interconnections and terminations are practical, then it can 
be shown that 
= (7) 
Scattering parameters are being used more frequently 
in microwave design, because they are easier to measure 
at high frequencies than other kinds of parameters. They 
are capable of providing a surprising degree of insight into 
a measurement or design problem. For these reasons, manu-
facturers of high-frequency transistors and other solid-
state devices are finding it more meaningful to specify 
their products in terms of scattering parameters than in 
any other way. 
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II. DEVELOPMENT OF THE SCATTERING PARAMETERS 
When the scattering concept is applied to lumped cir-
cuits, the actual currents and voltages can be separated 
into scattered components, incident and reflected, according 
to appropriate definitions. It is desirable, however, 
that such definitions should lead ultimately to relation-
ships which prove useful in the analysis and design of cir-
cuits and in laboratory measurements of the parameters 
which describe the scattering. 
The representation of a current or a voltage as the 
sum of an incident term and a reflected term becomes more 
meaningful through the application of the compensation 
theorem in the development of the scattering parameters. 1 
A. One-Port 
Consider a one-port network with an input admittance 
y. If this network is connected to a current source I with 
a source admittance y 0 as shown in Fig. 2(a), then the 
voltage V is 
v = I 
Redraw the circuit as shown in Fig. 2 (b) • The voltage 
can now be written as 




where vo is the voltage that exists if /J.y = 0 and /J.V is the 








and ~V can be found from the compensation theorem. It should 
be noted that the compensation theorem relates the change 
in the voltage when an admittance is added in a loop, to 
the voltage that existed originally. As shown in Fig. 2(c) 
~y v 




~y = y - y 
0 
(12) 
then I(y - y ) 
~v 0 = 2Yo(y+yo) ( 13) 
thus (9) becomes 
y - y 
V = I + I o 
2yo 2yo y + Yo (14) 
Correspondingly, the current I 1 of the one-port is 
(15) 
where r 10 is the current that would exist for ~Y = 0, and 
~I 1 is the change in current associated with ~y. Redraw 
Fig. 2(b) while using ~y = 0, as shown in Fig. 2(d), then 
I 
= 2 (16) 
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and from Fig. 2 (c) 
t.I = 1 -yo t.v (17) 
Substituting (13) into (17) gives 
y - Yo I 
t.Il = 2 y + y 
0 
(18) 
thus (15) becomes 
I I y - y 
Il 
0 
= 2 2 y + y 
0 
(19) 


















which leads to the result 
I 
n 
= I. - I 
1. r 










y - y 
0 





( 2 3) 
( 2 4) 
(25) 
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y - y 
0 (26) 
]_ 
The compensation theorem gives immediately the relation 
between ~V and V and hence the scattering parameter s, 
0 
so (26) describes the s parameter for the one-port network 
of Fig. 2. 
B. Two-Port 
The above result can be extended to a two-port as shown 
in the following example.Figure 3(a) shows an equivalent cir-
cuit for a two-port network. Redrawing the circuit as 
Fig. 3(b), and following the procedures for the one-port 
closely, the circuits in Figs. 3(c) and 3(d) are ob-
tained. In order to find the scattering parameters for the 
two-port network, ~v1 and ~v2 must be related to v 10 and 
v20 • To achieve these results the following equations are 
obtained using the circuit in Fig. 3(d). 
- y 21 ~ v 1 - ( y 2 2 + y 0 2 ) !J. v 2 = y 21 v 10 + v 2 0 ( y 2 2 -y 0 2 ) ( 2 8 ) 
Solving the above two equations for !J.V1 and !J.V2 in terms 
of v10 and v20 , we have 
9 
= -V20[ 2YuYo2]-VlO[ylly22-yl2y2l+ylly02-yOl(y22+y02)] 
Y11Y22-y12Y21+yol<Y22+yo2>+y11Yo2 
( 2 9) 
and 
(30) 
Define normalized components as 
~vl 
11r b.V2 = 






= I = --
/yOl 1Yo2 
By using (31) in (29) and (30), the following matrix form 







So the normalized scattering parameters for the two-port 
network of Fig. 3(a) is shown in the matrix form of (32). 
Thus 
Yo1<Y22+Yo2> - ylly02-t:-y 










s22 = t:-y+y0l(y22+y02)+ylly02 ( 3 7) 
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III. UNILATERAL CASE 
A. Power Flow 
There are many advantages for having a design technique 
available in terms of the easily measured scattering para-
meters. One important advantage is that a theory can be for-
mulated which uses the measured scattering parameters 
directly in order to obtain the familiar form of power flow, 
the forward operating power gain, G , in terms of the load p 
and generator impedances. 
The generalized scattering parameters are defined in 
terms of specific load and generator impedances. To make 
broad-band measurements, the parameters are usually referred 
to the 50-ohm characteristic resistance R . of the coaxial Sl 
transmission line interconnections. Then to proceed with 
the design or to utilize the measured parameters, an expres-
I 
sion for the generalized scattering parameters s .. in terms 
1] 
of the measured parameters s .. and arbitrary generator and 
1] 
load impedances (passive) must be obtained. The neces-
sary relationship can be shown to be expressed in terms of 
the reflection coefficients r. of the generator and load, 
1 
where 
z '-R z '-50 
sl sl sl 
rl = Zsi+Rsl = Zsi+50 
(38) 
and 
Zs2-Rs2 z '-50 
= 
s2 
r2 = Zs2+Rs2 Zs2+50 
(39) 
and in terms of constants A1 and A2 given by2 
A. ]_ = 
1-r.* ]_ 
11-r. I ]_ 
i=l,2 
Thus the generalized scattering parameters are found to 





( 4 3) 
(44) 
The form of the forward operating power gain can now 
be expressed as 
G p 
= power delivered to load 
power into two-port 






The forward operating power gain with arbitrary generator 
and load impedances is 
G' = p (47) 
B. Design Relationships 
An important special case is obtained when the feed-
back scattering parameter s 12 is sufficiently small to neglect 
completely. This condition gives rise to what is called 
unilateral design, because there is zero internal feedback. 
Thus the following generalized unilateral scattering para-
meters are obtained: 
( 4 8) 
( 4 9) 
(50) 
(51) 
It should be noted that the generator and load reflection 
coefficients, r 1 and r 2 , are assumed to be positive real in 
the above equations. For negative real load or generator 
reflection coefficients, appropriate negative signs are 
required. Using the equations ( 40) , ( 4 8) and (50) 1 in 
and after some simplification, the unilateral forward 
operating power gain is formed to be 
2 2 
ls211 1- lr2 1 (G I) u = p 2 2 
1-!slll ll-r2s221 
or 
(G 1 ) u = GPG2 p 
where 
G = p l-ls11 12 
is the forward operating power gain for Rsl = Rs 2 = 50 
ohms in the measurement system. G2 is the contribution 
14 




to the operating power gain due to change in load impedance. 
I 
If js22 j<l, then the value of !Gplu attains a finite maximum 
when 
(55) 
This represents a conjugate matching situation at port two, 
and for this unilateral condition, the maximum available 
forward operating power gain becomes 
' (Gp)umax (56) 
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For conditions other than conjugate matching in the 
unilateral case, the operating power gain depends upon the 
behavior of G2 as the load impedance varies. This behavior 
can be obtained by letting 
(57) 
and solving for r 2 . In the special case in which !s22 1<1 
the resulting expression for r 2 , the reflection coefficient 
at the load port, represents a family of constant gain 
circles on a Smith chart. The location of the center and 
the radius of the circle are given by r 02 and p02 respecti-
vely in the following derivation. 
G2max = 
1 






(l-lr2 1 ) (l-ls22 1 ) 
2 ll-r2 s 22 1 
To find the equations for the location and radius of a 
constant gain G2 circle, proceed as follows, 




Rearrange (60) as 
2 2 
= (1- lr2 1 ) (1- ls22 1 ) ( 61) 
or 
2 2 
gp c 1 - r 2 s 2 2 > c 1 - r 2 s 2 2 > * = < 1 - 1 r 2 1 > < 1 - 1 s 2 2 1 > < 6 2 > 
after multiplying and factoring, 
2 2 2 I r21 [1-1 s22l (1-gp)] -gpr~s2~ - gpr2s22+gp+ I s221 -1 = 0 
( 6 3) 
2 
then multiplying (63) by [1- ls 22 1 (1-gp)] and simplifying 
gives 
2 2 2 2 
I r 2 1 [1-l s 22 1 (1-gp)] -gp r~s2 2 [1-ls22 1 (1-gp)] -
2 2 2 
gp r 2 s 2 2 [ 1- I s 2 2 I < 1-gp > 1 + gp I s 2 2 I 2 2 = (1-l s221 ) (1-gp) 
2 2 
Divide both sides of equation (64) by [l-ls 22 1 (1-gp)]. 
Thus, 
2 gp r~s 2 ~ I r 2 I - --___;::---;:;..----
[l-ls2212<1-gp>l 
gp2ls2212 
= 2 2 [1-l s221 (1-gp)] 
[ 1-l s 2 2 I 2 < 1-gp > J 
< 1-gp > < 1- I s 2 2 I 2 > 2 
2 2 [ 1- 1 s 2 2 I < 1-gp > 1 
+ 
( 6 4) 
( 6 5) 
or 
r -2 
* gp s22 
2 1- I s 2 2 I '1-gp > 
r* -2 





l-ls 22 12 (1-gp) 
( 6 6) 
Equation (66) can be written in the general form of a circle 
as 
r -2 




Thus the location and radius of a circle is found to be: 
l-ls2212(1-gp) 
= distance from the center of 
chart (68) 
1/2 2 
(1-gp) (l-ls22 1 ) 
2 l-ls22 1 (1-gp) 
= radius of circle (69) 
These distances on the Smith chart are found using the 
linear reflection coefficient of voltage scale located on 
the edge of the chart. The circle which goes through the 
origin is always the zero decibel circle for G2 , therefore 
inside this circle G2 > 1 and outside this circle G2 < 1. 
The centers of the circles, for different gains, are located 
on a line through the origin and s~ 2 . The circle at 
r 2 = s~2 of course reduces to a single point. 
C. Design Example 
The set of s parameters of a transistor at 400 MHz 
are measured to be 
s 11 = 0.145/231.9° 
0 s 21 = 4.6/90.8 
s 12 = 0.0 
0 
s 22 =0.77/-13.9 
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The centers of the circles, for different gains of G2=-2db, 
G2=0.0db and G2=2db are located on a line through the origin 
which makes the angle of s 2 ~, 13.9°, with the positive 
horizontal axis of the Smith chart. By using equations (58) 
(59), (68) and (69) the values for G2max' gp, ro2 and p 02 
are found and shown in the following table. 
G2db G2max gp r02 Po2 
-2 2.46 0.256 0.352 0.63 
0 2.46 0.405 0.482 0.482 
2 2.46 0.65 0.625 0.32 
These constant-gain circles are shown in Fig. 4. Each power 
gain circle represents a family of the normalized load 
impedances. For the case in which r 2 = s~ 2 , the power gain 
circle reduces to a point at r 02 = 0.77 from the center of 
19 
Smith chart, which leads to give an optimum load impedance 
of (ZL)opt. = 50(4.2 + J3.8) for maximum unilateral power 
gain, using (56), of 17.28 decibel. 
20 
IV. NONUNILATERAL CASE 
A. Tunability 
An important problem in the design of tuned amplifiers 
is the alignability or tunability. When transistors are non-
unilateral, any change in the output immittance of a stage 
affects the input immittance and consequently detunes the 
input circuit. In a design problem the tunability can be 
discussed in a quantitative manner by the tunability factor 
o, defined as 4 
dy. 1n 
Yin 
0 = (70) ~~~~ 
Equation (70) provides a measure of the effect on the input 
admittance due to small changes in the load admittance. The 
smaller the value of o, the better the tunability. If the 
transistor is characterized by the y parameters, the input 
admittance is given by 
(71) 
Then, using (70) and (71), the tunability factor, in terms 
of y parameters and load admittance, is 
21 
cS= (72} 




Since yL = GL + j BL' and if GL >> BL' then 
(76) 
and (75) becomes 
(77) 
Now define a normalized load admittance by 
g = ( 7 8) 
22 
where g 22 is the real part of y 22 • Then (77) becomes 
GL IY12y211 
g = g22 =1 8 Y11Y22I (79) 
In terms of scattering parameters (79) can be expressed as 




!::.s = (82) 
To determine the power gain and load admittance of the 
amplifier for the given tunability factor o, establish 
a particular g circle on the Smith chart. Several power-
gain circles cross this g circle, but the power-gain circle 
which is tangent to this g circle provides the most power 
gain. A reasonable, common-sense estimate may have to be 
made for the power gain at the point of tangency, as well as 
the normalized load susceptance value b. 
If in equation (72) IYLI<<[y22 [, then (72) becomes 
23 
0 = (83) 
In other words, a very large value of yL or a very small 
value of yL, as compared with the output admittance, makes 
o << 1. Hence by mismatching the two-port, tunability can 
be achieved. An alternative approach of making o << 1 in 
equation (72) is to reduce y 12 or y 21 • A reduction in y 21 
reduces the power gain; therefore, the reduction of y 12 
seems an effective solution to this problem. The reduction 
of y 12 is achieved by unilateralization, where the effect of 
y 12 can be made to be almost zero, at the center frequency 
of the tuned amplifier, by having an external feedback 
circuit. 
If the tunability factor is also specified in a design, 
further restrictions are imposed on the maximum power 
gain. Often the design may begin with a proper choice of 
o. In a well-designed tuned amplifier the value of o is 
usually very small (6~.3), so that in addition to stability, 
good tunability results. In order not to sacrifice too much 
power gain by mismatching, a combination of unilateralization 
and mismatching may also be used so that a small value of o 
is obtained with a relatively higher power gain. 
B. Design Relationships 
In the special case when the feedback scattering para-
meter s 12 is not small enough to be neglected completely, 
24 
then the condition gives rise to what is called non-
unilateral design. In order to find the optimum value for 
load admittance and maximum power gain at given tunability 
value of a two-port network in the nonunilateral design 
case, proceed as follows. After substituting the measured 
s parameters in equation (80), using (81) and (82), a g 
circle is established on the Smith chart. Draw several 
power gain circles but only the one which is tangent to 
this g circle gives the most power gain at the given tuna-
bility factor. In order to find the radius and the location 
of the center of this power gain circle, use the following 
5 procedure The centers of these constant power gain 
circles are located on a straight line through the origin 
which makes an angle 
fd = tan-l g_ 
-p 
with the positive horizontal axis, where 
p+jQ = 
tte distance between the center and the origin is 





where Gp is power gain ratio. 
power gain circle is 
The radius of the constant 
G 1/2 




where G00 is the power gain when the load admittance is 
the conjugate of the parameter y 22 , and this circle passes 
through the origin of the Smith chart. The equation for 
G00 is given by 
(88} 
where D = 1 + sll + s22 + t,s (89) 
1 + s22 - sll - t,s 
g.= Re 1 + + + t,s ( 90) l. sll s22 
The equations for g 22 , t,s and p are given by (81}, (82), and 
(85}, respectively. Since the normalized load admittance 
is given by 
y = g + jb 
where 
1 + sll - s22 - t,s 
1 + sll + s22 + t,s 
( 91} 
(9 2) 
the values of g and b at this point represent the normalized 
optimum load admittance. The value of b, the normalized 
load susceptance, can be read off at the point of tangency 
of the g circle and the maximum power gain circle. 
C. Design Example. 
The set of s parameters of a transistor at 
400 MHz are measured to be 
s 11 = 0.145/231.9° 
0 
s21 = 4.6/90.8 
0 s 12 = .048/5.6 
0 s 22 =0.77/-13.9 
26 
Design the two-port network for a tunability factor 
of o = .3; that is, find the optimum value for load admit-
tance and maximum power gain at this tunability value. 
It should be noted that the source and load impedances are 
50-ohms, and all interconnections are coaxial cables or 
striplines of 50-ohm characteristic impedance. After sub-
stituting the measured s parameters in equation (80) 1 
using (81) and (82) establishes a circle g = 18 on the 
Smith chart. 0 Using (84) through (90), ~ = 41.6 , G00 = 
44.6 1 and the characteristics of the constant power gain 
circle which is tangent to the circle of g = 18 are: 
d = 0.312, r = 0.695 1 G = 30 p 
The circles are drawn on the Smith chart, as shown in Fig. 
5. A reasonable value for b 1 the normalized load suscep-
tance, at the point of tangency is found to be b = 2. And 
since g = 18, then the actual optimum values of (GL)opt. 
and (BL)opt. are calculated, using (91) and (92) 1 and found 
-3 to be (YL)opt. = (18- 3j)l0 mhos. 
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V. CONCLUSIONS 
The performance of transistors at high frequencies has 
so improved that they are now found in many microwave instru-
ments. But operating transistors at high frequencies has 
meant design problems. These problems are yielding to a 
technique that uses scattering parameters to characterize 
the high frequency performance of transistors. Scattering 
parameters can make the designers job easier, and as it has 
been demonstrated, they can be derived by using the compen-
sation theorem. Scattering-parameter applications have 
opened ways to obtain the familiar form of operating power 
gain in terms of the load and generator impedances. The 
important use of scattering parameters in graphical pro-
cedures has been developed in order to determine the 
maximum power gain and optimum load immittance in both 
unilateral and nonunilateral cases. An important concept 
has been noticed in the unilateral design case, that there 
is more power transfer to the load than in the nonunilateral 
design case. This shows the important role of tunability 
factor 6, where by reducing the effect of the feedback 
scattering parameter s 12 , it is possible to reduce the 
tunability value in order to neutralize the effects of output 
immittance on the input immittance, without sacrificing too 
much power gain. 
28 
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